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Abstract. The Carleson measures were first introduced by Carleson 
in order to solve the corona problem for the disc in C. The notion of 
Carleson measure can be generalized to any homogeneous space and 
were also used in the context of the corona problem in for example 
by Varopoulos, Amar and Andersson and Carlsson. One of the steps 
to solve the corona problem in a pseudoconvex domain is to solve 
the d equation for a form jj, satisifying a Carleson condition and get 
norm estimates of the solution in term of the Carleson norm of /i. The 
main goal of this paper is to consider this question in the case of convex 
domains of finite type and to get estimates linked to the multitype of 
the domain. 



1. Introduction 

Our first interest for Carleson measures and l^"-estimates on convex 
domains of finite type comes from the corona problem. This problem can 
be formulated for any domain D of C", n > 1 as follows: Let gi, . . . , be 
bounded holomorphic functions on D such that X^j=i IffjP ^ ^ > on D. 
Given (j) bounded and holomorphic on D, do there exist fi,...,fk bounded 
and holomorphic on D such that X]j=i fj9j ~ 'P'^ 

This problem was solved for the unit disc in the complex plan in [T3] 
where Carleson introduced for the first time the notion of Carleson measure. 
However the corona problem is still unsolved for n > 1. It is known that 
the answer is negative for some pseudoconvex domains of (see [22l [31] ) 
but there are partial results in the positive direction. For example if D = 
{z G C",r(z) < 0} let HP{D), 1 < p < oo be the set of all holomorphic 

functions / over D such that ||/||p := (^s^Pe>o IbD l/P^^)'' < where 
= {z € C"',r(z) < —e}, bD^^ is the boundary of D_e and a is the 
area measure on bD^^. Amar proved in [5] when k = 2 and when D is the 
ball of C" that if G HP{D) then there exist /i,/2 G HP{D) such that 
fi9i + 1292 = This result was generalized by Lin in [25] for any k in the 
polydisc of C" and by Andersson and Carlsson in [51 [9l [10] for any k and 
for D a general strictly pseudoconvex domain of C". 

One strategy to solve the i/^-corona problem uses the Koszul complex: 
Let D he a bounded domain of C" with smooth boundary, let A' denotes the 



1 



set of elements / of degree I of the exterior algebra of basis ei, . . . , e^: / = 
Y,ii<...<ii fh,...,ii^ii^- • -nei; and let ej;, . . . , be the dual basis of ei, . . . , efc. 
We then define the mapping 5g : H'P{k) HP{A^-^) by 6g = Ei=i5ie*. 

To solve the corona problem is equivalent to find / = X^j=i fjej such that 
^gf = with appropriate growth estimates for /i, . . . , /fc. 
Let 7i, . . . , 7fc be smooth functions over D such that Yl^=i lj9j — ^i ^^sX is 
^9(7) ~ where 7 = Yl^j=ilj^j- We have the following Theorem (see [TO] . 
Theorem 3.1). 

Theorem 1.1. Suppose that T : C^(D) C^(D) is such that dTf = f 
if df = 0, let (f) he holomorphic with value in A' such that 5g{(f)) = and 
let r = min(n,m - / - 1). Then f = Ej=o(-lP('^9^)^(7 ^ n 0) is 

holomorphic and satisfies 5gf = (p. 

Hence such a function / is a solution to the i/^-corona problem provided 
/ belongs to HP(D). This condition relies on the regularity of T. For the 
term (dgT)(j D D (p) one must show some Wolf type estimates and for 
the term {SgTy (7 n {d^y CKp), j > 2, one must show estimates for Carleson 
measures. In this paper we are interested in these last estimates named 
VF"-estimates. 

Our operator T which satisfies these estimates is a Berndtsson-Andersson 
integral operator. Such operators use weighted singular kernels whose sin- 
gularity is given by a smooth function H{^, z) such that H{(^, Q = 0. The 
simplest choice is to set H{C,,z) = \C,—z\'^ but one can also use the more com- 
plicated choice H{C,, z) = \C, — + \S{C,-, z)\^ where 5 is a support function 
which reflects the geometry of the domain (see [IHl [IS [HI [HI [201 129] ) . To 
fit the geometry of the boundary of the domain, one may think it would be 
more efficient to use only the support function. But this is impossible: one 
must add the part |C — in order to ensure the integrability of the kernel. 
And it seems that until now the term |^ — was some kind of inert term 
ensuring the integrability and even sometimes disappearing on the boundary 
(see [131 [20I [29]). However, in our case, such an operator constructed with 
\C, — will not give the I^^-estimates we are looking for because |C — 
is not linked to the more complicated geometry of the boundary. We will 
replace the term |C — by another one which is linked to the Bergman met- 
ric. This term will both ensure the integrability of the kernel and give the 
VF°-estimates thanks to the links of the Bergman metric with the geometric 
properties of the boundary (see [26 ] [27l [28] ). 

An other problem will be encountered: In order to get the VF"-estimates 
even for non smooth forms, that is for currents, we will use a definition of 
Carleson currents related to smooth vector fields. And since the 9-operator 
is linked to the geometry of the boundary of the domain, we have to be able 
to find smooth vector fields which describe the geometry of the boundary. 
However the known tools for convex domains, that is for example the ex- 
tremal basis, the Yu basis, which give a precise description of the boundary 
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and should intuitively be the best candidates are not smooth ! (see [24] ) . 
Therefore we will have to find good smooth vector fields. We will define 
them using again the Bergman metric. 

This article is organized as follows: In Section 2 we fixe our notations and 
state our main results: the VF"-estimates depending on the multitype of the 
domain (see Theorem 12.81 and I2.10p . In Section 3 we recall some properties 
of convex domains of finite type and all the tools needed to construct the 
operator T. In section|4]we give the estimates of all the parts of the kernel. In 
Section [5] we establish the H^"-estimates and in section 6 we prove Theorem 

2. Notations and main results 

In order to be as clear as possible we divide this section in the following 
subsection. In Subsection 12.11 we define the multitype of a convex domain 
of finite type. In Subsection 12.21 we define the homogeneous structure of the 
boundary of D and the Carleson measures. In Subsection 12.31 we state our 
main results. 

2.1. Multitype of a convex domain of finite type. We consider a 
bounded convex domain D := {z G C", r{z) < 0} of finite type m with 
C°° smooth boundary, r a smooth convex function whose gradiant does not 
vanish in a neighborhood of bD the boundary of D. Let denote the set 
{z € C", r{z) < a}, let ijz be the outer unit normal to hD^i^^-^, the boundary 
of a-t the point z and let T^bD.^(^^-j denote the complex tangent space 

at z. 

For / : C — )■ C such that /(O) = 0, we denote by ^{f) the multiplicity of 
as a zero of /. 

Definition 2.1. The variety 1-type Ai{bD,p) of bD at a point p is defined 
as 

Ai(6Z),p) = sup4^^ 

z V{Z - p) 

where the supremum is taken over all non zero germ z : A — )• C" from A, 
the unit disc in C, into C", such that z(0) = p. The function z*r is the 
pullback of r by z. 

The variety q-type Aq{p, bD) at the point p is defined as 
Ag{bD,p) ■.= miAi{bDr\H,p) 

H 

where the infimum is taken over all {n — q + 1)- dimensional complex linear 
manifolds H passing through p. 

In the case of smooth convex domain, one can define the multitype of D 
in the following way (see [12^ 
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Definition 2.2. The multitype M(bD,p) of bD at the point p is defined to 
be then-tuple {An{bD,p), An^i{bD,p), . . . , Ai{bD,p)). 
The multitype M{bD) of bD is the n-tuple 

M{bD) := ( sup AnibD,p), . . . , sup Ai{bD,p)). 

p£bD p£bD 

The type of D is in fact the last entry of M(bD): m = sup^g^^) Ai{bD,p). 

2.2. Carleson measure on a convex domain of finite type. The notion 
of Carleson measure can be defined on any space endowed with a structure 
of homogeneous space (see O [15]). For a convex domain of finite type, this 
structure is induced by the polydiscs of McNeal. They are defined as follows 
(see [m [27] ) . For a point z near bD and for a sufficiently small e > 
we set 

T{z,v,e) := sup{t > 0, \r{z + \v) - r{z)\ < e, VA G C, |A| < t}. 

In other words t{z, v, e) is the distance from z to the level set {r = r{z) + e} 
in the complex direction v. 

We denote by , . . . , u)* an e-extremal basis at z as defined in [13] . Such a 
basis is defined as follows: wl = rjz and if it;*, ... , w*_i are already defined, 
then w* is a unit vector orthogonal to wl, .. . ,w*_-^ such that t{z,w*,£) = 
sup„±„* t{z, V, e). We write Ti{z, e) = t{z, w*, e), for i = 1, . . . , n, and 

\\v\\^l 

set 

Ve{z) := |c = ^ + X]C< gCMCI <T,(z,e), i = l,...n 
I i=i 

The two following propositions, proved in [27j, show that the polydiscs define 
a structure of homogeneous space on D. 

Proposition 2.3. For all c > there exists b = b{c) > such that for all 
e > and all z in a neighborhood of bD 

Vce{z) C bVe{z) 

cPe{z) C VUz) 

In particular, there exist ci,C2 > which do not depend on z nor on e 

such that \o\{Ve{z)) < Ci Vol{Vce{z)) and YoKVceiz)) < C2 Vol(Pe(z)). 

Since we will frequently formulate such inequalities depending on constants, 
we will write A < B if there exists a constant c > such that A < cB. Each 
time we will indicate the dependance of the constant. We will write A B 
iiA<BandB<A both hold. 

Proposition 2.4. There exists C > such that for all e > and all z, in 

a neighborhood of bD the following holds true: ifVeiz) CiVeiC) ^ we have 
Ve{z) C CVeiC) 
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In particular if Veiz) CiVeiC) + then Vol(Pe(z)) ~ NoMj^^^Q) uni- 
formly with respect to z and e. 
We set for z near hD 

5(z,C) :=inf{e>0, C G T'.C^)}. 

Proposition 12.31 and l2.4l show that (5 is a pseudodistance. Actually the struc- 
ture of homogenuous space defined by b and the polydiscs are the generali- 
sation of the Koranyi distance and balls of strictly pseudoconvex domains. 
Therefore the following definition of Carleson measure is also a generalisa- 
tion of Carleson measures of strictly pseudoconvex domains. 

Definition 2.5. We say that a positive finite measure fi on D is a Carleson 
measure and we write fi £ W^{D) if 

II II ji^PeiOnD)^ 

ii wl '■= sup ,^ — — < OO 

C€bDe>0'^iVeiC)nbD) 

where a denotes the aera measure on bD. 



2.3. Main results. In [lOj . the authors define a norm for currents which 
takes into account the fact that the 5-operator behaves differently in the 
tangential and normal directions. When /i is a (0, q)-form with measure 
coefficients, the norm ||/x|| of fi in [lOj satisfies ||/i|| ~ kl^l/^l + \df A //| 
where is the absolute value of ji. This equality says that the tangential 
components of that is dr A /i, are requiered to be less regular than the 
normal component. The difference of regularity is given by |r|2 where ^ = 
1 — ^, that is 1 minus the order of contact of a tangent vector v and the 
boundary of the domain. It is well known that the 9-operator behaves 
differently in a direction accordingly to the order of contact of that direction 
and of the boundary of the domain. So we will use a metric which take that 
fact into account. For e > 0, z € C"" and v a non zero vector we set 

^^"'"^ " r(z,t1(.)) 
where d{z) = \r{z)\. For a fixed z, the convexity of D implies that the 
function defined by f i— > k{z, t^) if v 7^ 0, otherwise is a kind of non- 
isotropic norm. In fact, as the vectorial norm used in [TO], k{z,-) is equal 
to d{z) times the Bergman metric. The norm k was already used in |13j 
to define at every point z D a punctual norm for C°°-smooth differential 
forms. When a; is a smooth 1-form on D, Bruna, Charpentier and Dupain 
define ||a;(z)||fc as the smooth function of z by ||w(z)||fc := sup„_^o ^^^^ 
which is the norm of the linear form uj{z) with respect to the norm k{z, ■). 
When n is a tangent vector such that the order of contact of bD and the 
line spanned by u passing through z is m' , then k{z,u) tz d{z)^~^ and the 
norm || • \\k quantify the difference of regularity as the norm of Andersson 
and Carlsson. However, in this paper we are interested in estimates which 
also generalize the results of Amar and Bonami in [6] for forms with measure 
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coefficients which may be non smooth. Therefore such a definition does not 
make sense in our case and is forbidden. This is why we define the following 
norm. When is a (0, g)-current with measure coefficients, we can apply /x 
to q smooth vector fields and we obtain in this way a measure. We can then 
define what we call a Carleson current. 

Definition 2.6. We say that a {O,q)-form fj. with measure coefficients is a 
{0,q) -Carleson current if 

1 



|/i||wi := sup 

"'^ U-i,...,Uq 



|^(-)[ni,...,ng]| 



< oo. 



k{-,ui) . . . k{-,Uq) 

where the supremum is taken over all smooth vector fields ui, . . . ,Uq which 
never vanish and where |/i(-)[ni, . . . ,Uq]\ is the absolute value of the measure 

H{-)[U1,. . .,Uq]. 

We denote by WQg{D) the set of all {0,q)- Carleson currents. 

Therefore || • is a norm on forms with measure coefficients associated 

to the vectorial norm k and is in the same spirit than the norms used in [6] 
and [To] but || • W^yi take into account the non isotropy of the boundary 
of the domain. Moreover, we should notice that our norm is weaker than 
the norm of Bruna, Charpentier and Dupain in the sense that ^ 

Ib \\l^(0\\kdV{C) for all smooth fi. 

Let be the set of positive bounded measures on D. For fi G W^, we put 
||/i||vi/o := IJ-iD)- Analogously to WQg{D) we defined Wq^^D): 

Definition 2.7. We say that ^ is a {0,q)-current with bounded measure 
coefficients and we write /x G Wq^^{D) if 



|/i||wo := sup 

"'9 U-i,...,Uq 



1 

\fl{-)[Ul,...,Ug]\ 



< OO, 

wo 



k{-,Ul) . . . k{-,Uq) 

where the supremum is taken over all smooth vector fields ui, . . . ,Uq which 
never vanish and where |/i(-)[ni, . . . ,Uq]\ is the absolute value of the measure 

fl{-)[ui,...,Uq]. 

We point out that we can apply the regularization argument of [7] with a 
non smooth current ^. It gives a sequence of smooth currents (^fc)feGN com- 
pactly supported in D and weakly converging to // such that ||^A:||vki ^^'^ 
ll/UfcllvF" controlled respectively by and ||/x||(4/o. This regulariza- 

tion argument allows us to deduce results for non smooth current from the 
corresponding results for smooth compactly supported currents. It would 
not have been the case if we were using the norm || ■ However, it induced 
a major difficulty when it comes to work with the norms || • Ww^, a = 0,1. 
These norms are computed using smooth vector fields and in general the 
supremum should be achieved with extremal basis which are not smooth 
(see [21] )• We shall use the Bergman metric to overcome this difficulty (see 
section [4]) . 
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For all Q g]0, 1[ the space Wq^{D) will denote the complex interpolate space 
between Wq ^ID) and WQ g{D). One can "understand" these spaces by the 
work of Amar and Bonami who proved in [6] that a measure /i belongs to 

W^^D), a g]0, 1[, if and only if there exists a Carleson measure //i and 

1 

/ G Li-Q dfii) such that /x = fdfii. We can now state our main results. 

Theorem 2.8. Let D be a bounded convex domain of finite type with C°°- 
smooth boundary, let (mi, . . . ,mn) be the multitype of D and 70 > —1. Then 
there exists a linear operator T : C^{D) — )• C'^{D) such that 

{i) dT/j. = fi for all d-closed (0, q) -forms /i, 

(ii) for all a G [0, 1], all 7 g] — 1, 70], all q = 1, . . . ,n and all ^ G Cq^^^D) 
such that d(-)^"^'="-'+2 ^^^^ belongs to W^^^{D): 



uniformly with respect to /i. 

In the first part of Theorem 4.1 of [TOj, Andersson and Carlsson prove 
the same result for strictly pseudoconvex domains. The gain of regularity 
in our result and in the Andersson-Carlsson's result are equal modulo the 
change of norm and the fact that the multitype of a strictly pseudoconvex 
domain is (1, 2, ... , 2). As in Theorem 4.1 of [10], 7 = —1 appears as a limit 
case but only when q = 1. Before we state our result in this limit case, we 
recall the definition of BMO functions in convex domains of finite type. 

Definition 2.9. We say that f G L^{bD) has Bounded Mean Oscillation 
and we write f G BMO{hD) when 

where /c,, = ^(p^(j)nfcD) Iv^QnbD 1/(01 MO- 

Theorem 2.10. The operator of Theorem 1 2. satisfies for all smooth (0, 1)- 
forms fj, G Wq^{D), 

W ll^^llLP(feD) ^ ll^lll4^o",; "^here ^ = 1 - a, a € [0, 1[, 

uniformly with respect to fi. 

This result is again a generalisation of the second part of Theorem 4.1 of 
|10j when q = 1. A similar statement to Theorem l2.10l is obtained by Nguyen 
in |29j but involving another operator K and for the stronger norm || • \\k 
of [13] for smooth forms. This operator K is also a Berndtsson-Andersson 
operator but constructed without using the Bergman metric and it does not 
satisify the estimates of theorem 12.81 

The regularization argument of [7] gives immediatly the following Corollar- 
ies: 
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Corollary 2.11. Let D be a bounded convex domain of finite type with C°°- 
smooth boundary and let (mi, . . . ,mn) be the multitype of D. 
For all a S [0,1], all 7 > —1 and all d-closed {Q^q)- current fj, such that 
(;(.)«"^>=— 9+2 T^r-^-T^ belongs to W^q{D), there exists a {0,q- l)-current f 
such that 
(i) df = n, 

{ii) (i(.)^"^"^^="-'?+2 ^+"^7 belongs to W(},^_^{D) and satifies 



uniformly with respect to /.i. 



Corollary 2.12. Let D be a bounded convex domain of finite type with C°°- 
smooth boundary. 

For all a € [0, 1] and all d-closed (0, l)-current /x G WQ'^^{D) there exists a 
function f such that 

(i) df = fj, on D, 

(ii) II/IIlp(6D) ^ Wf^Ww^^^' where ^ = 1 - a, a € [0, 1[, 

uniformly with respect to /i. 

Corollary 12.121 is a generalization of Theorem 7 in [6] in the case of W" 
spaces. 

We have chosen to formulate Theorem 12.81 and 12.101 and Corollary 12.111 and 
12.121 with the norm || • associated to the vectorial norm || • ||fc. A more 
natural or more intrinsic choice could have been to use the Bergman metric 
instead of |[ • \\k- The estimates would have been the same except that a 
factor d{-) to the power the degree of the form would have disappear. 

3. Construction of the operator 

We first recall some properties of convex domains of finite type. We have 
(see [21], Corollary 2.18) 

Proposition 3.1. Let z ^ D be a point near hD, (mi, . . . ,m„) denotes the 
multitype of bDj,^^^ at z, e > and wi,. . . ,Wn is an e-extremal basis at the 
point z. Then we have for i = 2, . . . ,n uniformly with respect to z 



and 

Ti{z, e) ^ e. 

Among the extremal basis there exists a basis w'l, . . . , w'^ of C" such that 
the order of contact of bD and the line spanned by w'- passing through z 
is equal to An+i^i{bD, z). Such a basis is called a Yu basis at z (see [23]). 
This basis has the following properties. 



8 



Proposition 3.2. Let z & D be a point near hD, (mi, . . . ,m„) denotes the 
multitype of bDr(^z) at z, w'l, . . . ^w'^ a Yu basis at z, e > and wl, . . . a 
e-extremal basis at z and v = Yl^=i '^j'^j ~ X]i=i '^j^j ^ ^'^^^ vector. Then, 
uniformly with respect to z,v and e we have 

1 _^^ HI 



The first "equality" is shown in [24], Theorem 2.22, while the second 

is shown in [26], Proposition 2.2. We notice that in particular, with the 

1 

notations of Proposition 13.21 T{z,w'j,e) ~ . 

The two next properties are proved in [13] and [27] respectively. 

Proposition 3.3. Let z ^ D be a point near bD, v a unit vector in C" and 
£i ^ £2 > 0. Then we have uniformly with respect to z, £1,62 o,nd v 

£1 \ ™ ^ T{z,v,ei) ^ £1 



82 J T[Z,V,e2) 82 

Proposition 3.4. Let z ^ D he a point near bD, v a unit vector in C", 
e > and C G Ve{z). Then we have uniformly with respect to z, C,, £ and v 

T{z,v,e) 7z r(C,f,e). 

We now recall the definition and some properties of the Bergman metric 
that we will need (see jSQj). The orthogonal projection from L^{D) onto 
L^{D) n 0{D), where 0{D) is the set of holomorphic function on D, is 
called the Bergman projection. We denote it by B. There exists a unique 
integral kernel B such that for all / € L'^{D) 



Bf{z)= / B{C,z)f{C)dV{C). 
Jd 

The kernel B{C,,z) is call the Bergman kernel. This kernel is holomorphic 
with respect to z, antiholomorphic with respect to C, and satisfies B{C,,z) = 

The Bergman metric Mb{z, •) for z € I? is an hermitian metric defined by 
the matrix (&i,j(^;))jj=i, where bij{z) = g^g^- In B{z, z). This means 
that the Bergman norm oi v = ^^11=1 '^i^i^ where ei, . . . , e„ is the canonical 

basis of C", is given by Mb{z,v) = (^X]i|j=i bij{z)vjV^ 
Using Theorem 3.4 and 5.2 of [27\ and Proposition 13.21 we easily get 

Theorem 3.5. For all z ^ D in a neighborhood of bD we have 

1 



B{z,z) 



> 



Vol{Vdi,){z)) 
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Let w be any orthonormal coordinate system centered at z and let Vj be the 
unit vector in the wj -direction. Then we have uniformly with respect to z 



{z,z) 



< 



Vol{V,(^4z))UUr{z,v„d{z)r^ 



Theorem 13.51 yields to the following Corollary 

Corollary 3.6. Let z ^ D be a point near bD, let w be any orthonormal 
coordinate system centered at z, let vj be the unit vector in the Wj -direction 
and let {bfj)ij be the Bergman matrix in the w- coordinates. Then we have 
uniformly with respect to z 



< 



1 



n-=ir(z,T;,-,d(z)^+/5.- 

J.D. McNeal proved in [28j that the eigenvalues of the matrix (^bij{z)^.^ 
are Ti{z,d{z))~'^ , . . . , r„(z, Therefore we have 

Proposition 3.7. Let z ^ D be a point near bD. Then uniformly with 
respect to z 

det((6,j(z)) 



1 



voi{Vdiz){z)y 

The following proposition is proved in |28) . 

Proposition 3.8. Let z ^ D be a point near bD, v a unit vector in C". 
Then uniformly with respect to z and v 

As we explained in the last part of the introduction, we want to replace 
the term |C — used to ensure the integrability of the kernel in |101 [20l [29] 
by a term depending on the Bergman metric and vanishing on the boundary 
as in [inilSniEal- We consider 

II^^IIb,^ := d{z)^MBiz,v). 
When if is a compact subset of D, there exists ck > such that for all 



z e K and all v G C": 
We need a Hefer section for \\( 



> ck\v\ ■ We also have for all zq € bD, 



W ^- If we define for j = 1, . . . 



n 



bj{C.z) = d{z)'^hj{z)Q 



4 = 1 



and 5(C, z) = Y!j=i ^i(C, z)dCj, we get (6(C, z), C - z) = ||C 
a = E"=i ajdCj we set {a, C - z) := Yl']=i ajiCj - zj). 



^Wbz where for 
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The (0, l)-form b is of class on D x D thanks to the weight d(z)'^. 
Morevover for all K compact set of D there exists ck > such that 

\{b{C,z)X-z)\>CK\C-z\''. 

The second ingredient of our kernel will be the support function of Diederich 
and Fornffiss constructed in |19j. We recall the definition of this support 
function. We fix some C in a neighborhood V of bD. We choose an or- 
thonormal basis w[, . . . ,w'^ such that w[ = 77^ and set r^(a;) = r{( + u}iw[ + 
. . . + uinw'n) and 

3=2 m=3 ^' 

/3l=0 

where K, K', M are positive real numbers, Kj = 1 when j = mod 4, 
Hj = —1 when j = 2 mod 4 and kj = otherwise. 

We write z£C'^asz = ( + coi^zw'i + . . . + Un^zw'n and define z) by 
F satisfies the following theorem: 

Theorem 3.9. There exist a neighborhood V of bD and positive constants 
M , K, K' , k' , c^, c_ and R such that for all C S V, all unit vector v G 
T|5'6L>^(^) and all w = {wi,W2) G C^, with \w\ < R, we have 

ReF(C, C + ■w'l^c + ■"^s^^) < 

j=2Q:+/3=j dX'^dX A=0 

-c±(r(C) - r(C + wir/Q + ^2^)) 
where c± = c_ w/ien r(^) — r{( + wi?7(^ + W2v) > and c± = c+ otherwise. 

This Theorem was proved in [19j . Dividing F by 2^ we can assume that 

c_ = ^ and c-i- < ^. One should notice that we may have -F(C) = when 
— -z| > R so we must use a global version of this support function. For 
example we can construct such a function 5 as in [1] . This construction does 
not require other ideas than those of [30j. As in the strictly pseudoconvex 
case (see [30]) S satisfies 

i) S is of regularity C°° in V x [/, where U is a neighborhood of D and S{C,, •) 
is holomorphic on U. 

ii) s{C, C) = for c € w n y. 

iii) There exists a constant c > such that ReS'(C,z) < —c\C — z\'^ for all 
(C, ^) G V X [/ with r(C) > r{z). 

(iv) On {(C-z) e V X [/, IC - zj < there exists a C°°-function A with 
I < |^(C,^)I < i and 5 = • F. Moreover ^(C,z) = 
where m' is a constant and v a bounded function defined on V x [/ such 
that all its derivatives are also bounded on V x [7. 
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Define Qj{C, z) = - §§-{(,( + t{z - C))dt, j = 1, . . . , n to be the Hefer 
decomposition of S given in [3j. Therefore Qi, ■ ■ ■ ,Qn satisfy S{C,z) = 

EUQjiC,z)iCj-z,). 

We now have all the tools we need to define our operator. Since S is only 
defined for in a neighborhood of bD, we have to truncate S. Let 7]q > 
be small enough so that D^rjo \ D^^q is contained in the neighborhood V of 
Theorem 13.91 Let x be a smooth function with compact support such that 
X = 1 on i?-,,,, and x = on C" \ D_m. We set 

n 

Q{C,z)=Y,Qj{C,z)dCj, 

q{C,z) =(l-x(C))Q(C,^)+x(C)9r(C), 

Q{C,z) =^-rq{C,z), 
r(C) 

S{C,z)={Q{C,z),Cj-Zj), 

s{C, z) =MC, z),C-z) \^{q{C,z),C-z)q{C, z) 

+ Mz, C), C - z)\^{q{z,C),C-z)q{z, (), 
s{C,z) =b{C,z)+s{C,z). 

With such a choice of truncature S{C,z) is essentially equal to :^S{C,z) 

when C is near the boundary and | {s{(, z)X — z) \ is essentially 6{(, z)^ when 
C is close to bD and z close to C- This will cause no problem because the 
properties of the d solving kernel are only important near the boundary. We 
now define our operator. Let 

1 \ s A {d,s)i-^ A A (d^Q)'' 

l + SiC,z)) {s{C,z)X-z)^-^ ' 

where Cn,k is a constant and N £N large enough. 

The form s is of class over D x D and for all K compact subset of D 
there exists ck > such that \{s{C, z)C — z) \ > ck\C — z\^ for all z £ K and 
all C € D. Morevover Q{C,-) is holomorphic when is fixed in D. Hence 
the kernel K satisfies the hypothesis of [TT] and the operator T defined for 
any / G C^giD), q = 1,. . . ,n,hy 

Tfiz) := [ f{C)AK{C,z) 
Jd 

is such that dTf = f for all 3-closed /. Therefore, in order to prove The- 
orems 12.81 and 12.101 it remains to prove that Tf satisfies the estimates an- 
nounced in these theorems. 



A-(C,3) 



Cn,k 
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4. Estimates of the kernel 



We now give the estimates of the different terms of the kernel that we 
win need. In order to get the best estimates for we fix (" E L), choose 
a Yu basis w'l, . . . ^w'^ at C aiid write the kernel in this basis. We write 
z' = {z[, . . . , z'^) the coordinates of a point z in the coordinates system cen- 
tered at C with respect to the basis w'l, . . . , and set t{(, w^, e) = Tj'(C, s)- 
We write b{C,z) = E]=ib',{C, z)dC'p s{C,z) = E]=is',{C, z)dC'^, ~s{C,z) = 
^]=i^'jiC,z)dCj and Q{C,z) = Y^]=iQ'j{C, z)dCj- We estimate these forms 
and their derivatives. We begin by recalling the following proposition (see 

Proposition 4.1. Let w be any orthonormal coordinate system centered at 
( and let vj be the unit vector in the Wj -direction. For all multiindices a 
and P with |a + /3| > 1 and all z € 

Q\a\ + \P\^ 



< 



uniformly with respect to z, ( and e. 

We denote by A; a positive constant such that for all € D sufficiently 
near the boundary, VkdiQ^O *- D _r(o_ (see [26]). 

2 

Proposition 4.2. For all C, ^ D, all e > kd{() and all z € 'Pe(C) have 
uniformly 

m,z)\< 



r'iCey 



db'. 
oz'. 



dbr 



< 



Moreover if z belongs to 'Pfcrf(^) (C) have uniformly 

dicf 



\b'iCz)\ 



< 



X] t'( 



r',{Cd{C))^^Ti{C,d{C)) 



Proof: In order to prove the first and the last inequalities at the same 
time we fix e > kd{C,). We denote by {b[j{z)^.. the matrix of the Bergman 
metric in the Yu basis w'^, . . . ,w'^. Thus for all ^ G and all z G 'Pe(C) we 
have 



6;.(e,z) = d(z)^j;6^,,(z)(e,'-^D- 



Corollary [Ml gives |6^(z)| < ^i^,^^>^d{z))r{z,w'^,d{z)) - ^^^^^ ^ belongs to ^,(0 

imphes that ,(,^^^^^(,)) < 



we have d{z) < d{C) + £ £■ Proposition 
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^7 — T which together with Proposition 13.41 yields to —, — r-rrTT ^ 



d(z) r{z,w'j^^e) ^ ^ ' — '■ — ' r{z,w'^^d{z)) 

W)^) l^^:'-^^)' ^ {W))" <{c,ey.ic,ey Hence 



(1) 





2:' 




rj(C,d(C)) 



i=l 

When e = kd{C,) and ^ = C this proves the last inequality. 
When £ > kd{C) and ^ = Ci since z belongs to VeiC) we have ~ ~ 
l-^fcl ~ '^fc(C) ^) foi' ^ = 1, . . . , n thus ([1]) also implies the first inequality. The 
other inequalities of the proposition can be shown analogously. □ 

Lemma 4.3. For all C & D dose enough to bD, all z S 'Pkd{c,){0 '^^ have 

n 

i(5(c,z),c-^)i^>d(c)'Er77 

i=i 

Proof: If C is close enough to hB: |(s(C,^;),C - ^ C - z). 

Proposition ES] leads to d{z)^MB{z,C- z) ~ r(zf-f,d(z)) ^ /^'ff'^'^ - 
Since z belongs to VkdioiC) we have ^(z) ~ d{C) and by Propositions 13 . 31 and 
13.21 we have —7 — ^-f^ ^ ~ —7 — ^-f^ ^ tz iJ^m^w which finishes 

the proof of the lemma. □ 

We also need estimates for the support function S. As in [4} [T8l[23l[24l[29] 
we shall use a covering of the domain of integration by poly annuli of the 
form T'e^\C) := 'Pe(C) \ cPe{C) where c > is such that cPsiC) is included 
in ■Pi,(C) for all ( and all e > 0. The required estimates for S are given by 
the following. 

Proposition 4.4. (i) For all ( ^D, all z G D^^qH {VeiOXcPeiC)) we have 
uniformly with respect to C,z and £ 

\S{C,z)\^e. 

{a) For all Q ^ D, all sufficiently small e and all z £ D Ci 'Pe(C) we have 
uniformly with respect to (,z and £ 

\r{0+S{C,z)\^£ + d{0+d{z). 

Proof: The inequality < e is a consequence of Proposition 14.11 

and one should notice that there is no need to assume r{z) < r{Q. The 
lower bound e < of (i) was proved in [3]. 

The inequality \r{C) + S{(, z)\ <£ + d{() + d{z) also comes from the Proposi- 
tion HTTJ To prove the lower bound of (ii), one should notice that S{C, z) = 

\i+m'ii-.iC,z))Fi(,.)f (^(^' ^) + - ^)) ^) i') Since |F(C,z)| ^ 
z) \ is controled by e, it suffices to prove that for sufficiently small e > 0, 
\r{C)+F{C,z)\>£ + diC)+diz). 
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We have \r{() + F{(, z)\ > —r{() — ReF{(,z) + \lmF{(,z)\ and according to 
Theorem 13.91 if r{() > r(z), when we write z = ( + A??^ + fiv, v G T^bDj.(^Q: 



-r(C)-ReF(C,z)> 



ReA 



j=2 a+l3=j 



d^r{( + flv) 



/i=0 



+ (c+ - l)r(C) - c+r(C + wir/^ + i(;2f )) 



> 



ReA 



jl=0 



+ (i-A)^+E E 

j=2 a+l3=j 

+ (i(C) + diz) 

The same inequahty also hold when r(C) < Now, as shown in [3], for 

sufficiently small e > and sufficiently small c > if < cr(C,t;,e) we 
have |A| ~ e, uniformly with respect to (, z, e and c. 

If we assume < cr(C,f,e) then |A| ~ e and thus Proposition 3.1 {vi) of 
gives that 



|r(C) + F(C,2)|>d(C) + <J(2)+|A| 



i=2 a+P=j 



d^r{C, + /if) 






/i=0 



>e(l-e + c) + d(C) + d(z) 

and if c and e are sufficiently small \r{C,) + i^(C) -2)1 ^ £ + (^(C) + "^(-z) 
Now, if > cr(^,f,e) by Proposition 3.1 [vi) of |18] 









fi=0 



|r(C) + F(C,z)|>^ 5] 

>e + d(C) + d(z). □ 
We will use the following Corollary 

Corollary 4.5. For all Q & D sufficiently close to bD, all e > and all 

z G Ve'^\C) we have uniformly 

\{s{C,z)X-z)\^>e\ 

Proof: we have |(s(C,^;),C - 2^)1 > \{<l{C, , z) , C, - z)\'^ + \{q{z , Q , z - Cl\'^ and 
according to Proposition 14.41 we have |(g(Cj z),C, — z)\ > e if r{C) > r{z) and 
1(^(2,0,2-01 >£ if r(z) >r(C). □ 

Remark 1. Up to uniform constants, saying that z belongs to Vs^\c) i^ 
equivalent to saying that (5(0 z) e so the Proposition \4-4\ o.nd Corollary 
could have been formulated with (5(0-2) instead of e. 



We also need estimates for the Hefer decomposition of S. As for 6, we 
write Q in the Yu basi at C,: Q{C, z) = X]j=i Qj(0 z)dCj and use the following 
proposition which comes from [21 13] and Proposition 13.21 
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Proposition 4.6. For all C near enough bD, all sufficiently small e > 0, 
all , ^, z E VeiC) CLnd i,j,k = 1, . . . , n we have uniformly with respect to 
z, ^ and E 



dz\ 



e 



-r'(C,£)r/(C,e) 



< 



r;(C,6)r'(C,eK(C,e)' 



We deduce from Proposition 13. 2| 14. 2| 14.41 and 14.61 the following corollary. 

Corollary 4.7. For all Q ^ D near enough bD, e > kd{C) let z be a point 
in VeiO n D, w'(, . . . ,w" be an orthonormal basis and denote by (^", . . . , 
the coordinates of (z C" in the coordinate system centered in z with respect 
to the basis w", . . . , w". Then 

^4 



ds'- 

dzf ' 

ds'- 

S(c,.) 



< 



< ^ 

~r'(C,e)r'(C,e)' 



< 



For all z G VkdioiC.) 

r/(C,d(C)) 





z'- 




ri(C,rf(C)) 



On the one hand the hypothesis on the current /i in Theorems 12.81 and 
I2.10l are related to the norm || • \\w^ which is a supremum over smooth vector 
fields. On the other hand the kernel K is linked to geometry of the boundary 
of the domain. So we will need to find smooth vector fields linked to the 
geometry of the boundary in order to evaluate the exterior product n A K. 
A natural choice would be to consider the Yu basis or the extremal basis as 
vector fields. These basis would be a good choice if they were smooth but 
they are not smooth in general as shown by the example of Hefer in [24j. 
To find good vector fields, we use the Bergman metric again. 
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Let us point out the following fact. Let || • || be an hermitian metric 
on C" defined by the positive definite hermitian matrix b. There exists a 
matrix a such that = b. The linear map associated with the matrix 
a sends the unit ball of C" equiped with the standard hermitian structure 
to the unit ball of the metric || • ||. We apply this fact to the Bergman 
metric Mb{C, ■) for £ D. Proposition 13.81 implies that the McNeal polydisc 
Vd(Q{C) is almost the unit ball of the metric Mb{C,-)- Therefore if a(C) 
satisfies a(C)~^ = {bi,j{C))^ the column of a{C) are roughly speaking some 
kind of (i(C)-extremal basis at This will give us our smooth vector field: 

Let T-Ln^ denotes the manifold of positive definite hermitian matrices of 
size n and let ^> : 7^++ be defined for ah A G by ^{A) = A'^. 

$ is a C°°-smooth diffeomorphism thanks to the inverse mapping theorem. 
Let be the canonical basis of C" and set ek{C) = {{h,j{C)))^k- 

The basis ei(C), . . . ,en{C) is an orthonormal basis for the Bergman metric 
and depends smoothly on (. These vector fields ei(C), • • • , e„(C) are the 
smooth vector fields we are looking for. Let (e^-^(C), • • • , e'jniO) denote the 
coordinates of ej{C) in the Yu basis at C- We estimate them in the following 
proposition: 

Proposition 4.8. For all C, £ D near enough the boundary of D, we have 
uniformly with respect to ( 

I det(ei(C), . . . ,e„(C))[ ^ (l^o/(Pd(c)(C))) ^ 

|e^,(C)l<rj(C,rf(C)). 

Proof: The first estimate is a direct consequence of Proposition [321 In or- 
der to prove the second one we notice that Mb{C, ^i{C)) = 1 thus Proposition 

ESlgives 1 7Z Yr,=i TJ^^ and so |e^(C)| < rj(C,d(C)). □ 

Remark 2. Despite the e-extremal basis at C does not smoothly depend on e 
nor on C, we can use the basis ei{(), . . . , e„(C) in order to get a description of 
Pe(^) smoothly depending on C ande. This can be done as follows. Without 
restriction we may assume that belongs to D. Let p denotes the calibrator 
or gauge function for D, that is p{C) = inf{A > 0, C G XD} and take 
r = p — 1 as a defining function for D. Since p{XC) = Xp{C), for all A > 0, 
all C close enough to bD, all unit vector v and all /x G C, the point XC, + A/xf 
belongs to V\e{XC,) if and only if Q + belongs to 'Pe(C)- We set A^^^ = 
(p(C) ~ ^)~'^ fof C near bD. Then, since ei(C), • • • ,e,i(C) is an orthonormal 
basis for the Bergman metric, there exist C > c > not depending on nor 
on e such that cVeiC) C {Eti<^M\,eC), ELi 1"*^ < l} C CVeiO- 

5. The 1^°-estimates 

We first prove Theorem 12.81 for a = 0. Let (mi, . . . , rUn) be the multitype 

of 7 G] - l,7o], / G C^q{D) such that d{-f~^'="-^+^^i^f belongs to 
Wq g(D) and let ui, . . . , Uq-i be g — 1 smooth never vanishing vector fields. 
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We show that 



^l(-) 



fe(-,Mi(-))'---'fc(-,n,(-)) 



minated by 



En 1 I 



is do- 



^0% 



. Since / is a (0, g)-form we just have 



to consider Kn,q-i, the component of the kernel of bidegree (0, g — 1) in z 
and (n, n — g) in that is: 



n,q—l 



n—q 
fc=0 



r(C) + 5(C,^) 



5\n— fc— (J 



A (S.s)'?-! A {d^QY 



(s(c,z),C-^)"-'= 



Moreover since the kernel is bounded when — C| is bounded away from 
zero and when C is away from the bD, we may assume that the form / is 
supported in a neighborhood of bD and that z and C are close. 
Let us fix G near the boundary and set for j = 1,2 

UI{Z) Ug^l{z) 



f{C)AKn,q-l{C,z) 



k{z,ui{z))'" ' ' k{z,Uq^i{z)) 



dX{z), 



where Qi = 'Pkd(c)iO D, Q2 = D \ Vkd{(){C) aiid A; > is such that 
^MC)(0 C Dr{o. We prove that 



^■(c)< E 



d{0 



En 1 I 

i=n-q+2 T^^l 



/(C) 



,(C) 



A;(C,e,,(C))'"""'A;(C,e. (0) 



and then integrating with respect to ^ we get the estimate we are looking 
for. 

For / C {1, . . . , n} we denote by e7(C) the family e7(C), i £ I and by e7(C) 
the family ei(C), • • • , en(C)) eT(C)) • • • ,6^(0 where the indices i G / have been 
removed. We also set k{(,'ei{C)) = Yliei ^iC^iC))- 

We will work with forms which contain dC and dz and we will compute them 
for some vectors v and w. In order to indicate if the form which applies to 
V is the form dz or d^ we write respectively [v]z or [v](^. 
The two following lemmas give us estimates that we will need to evaluate 

K{C, Z)[UI, . . . ,Uq^l]z[ej{C)](;. 

Lemma 5.1. For all C, ^ D near enough bD, e > kd{C), z € 'Pe(C); 



w", . . . , w'^ a Yu basis at z and u 
have uniformly with respect to (,e and z 



Ej=i UjW'^ / a vector of 



we 









r(C,<,^) 


k[z, u) 



d{z) 



d{zy 



Proof: By definition of k(z,u) we have — 



{(:,w'j,s)k{z,u) 



\u'J\T{z,u,d(z)) 

T{<:,w'j,6)d(z) ■ 



On the one hand since z € 'Pe(C)) by Proposition l3.4l r(2:. w" ,e) ~ r(C, w'-, e) 
On the other hand Proposition 13.21 implies that — ^ 



^ t{z,U,£) ' 



1 

Thus 
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Proposition 13.21 yields to 









r(C,<,e) 


k{z, u) 



< 



< 



d{z) 



Lemma 5.2. Let C, & D near enough hD, q = 1, . . . ,n, e > kd{C), K C 
{1, . . . , n}, / C {1, . . . , n} such that card K = n — q and card I = q. Then 
we have uniformly with respect to C 



/\<A /\ <(i7(C)) MC,e7(C)) 



i=l 



k&K 



^ eWol{Vdi,:){0) 
~ Ha 



Proof: The inequality |e^j(C) ^ '^j(C) ^^(0) given by Proposition 14. 81 yields 



to 
(2) 



/\<A /\ da(#(c) 



i=l 



<\{m.d{c))\{T',{c,d{0) 

i=l k&K 

Since ei{C) is a unit vector for the Bergman metric, Proposition 13.21 implies 
that k{(,ei{C)) ~ ^^(C) which together with ([2]) giyes 



< d(crM^(c)(0) 



(3) /\<A /\ dC,(fi{0)HC,el{0) 

i=l kGK 

Now, since e > fcd(C) we have d{()Tl{( , d{C))~^ < er,'(C,e)~^ for all i which 
with ([3]) proves the lemma. □ 

We now come to the estimate of Ii. Let z be a point in Vkd(c)iO- We 
denote by u the family ui,...,Ug and set k{z,u{z)) = YllZi ^(^'''^ii-^))^ 
(3 = q-'i- — YA=n-q+2 ^^+7 where 7 > —1. We fix a Yu basis w[, . . . ,10'^ at C 
and a Yu basis w'{,...,w'^atz and we denote by (' and z" the corresponding 
coordinates in the coordinates system centered at ( and z. 
Since / A Kn,q-i is of bidegree (n, n) in C, we have 

n(z) 



d{z) 



/(C)Ai^„,,_i(C,z) 



/(C)AK„,,_i(C,z) 
/(C) 



k{z, u{z)) 
u{z) 



= 9 



/C{l,...,n} 
card/ — q 



e7(C) 



[e(C),e(C)]^ 



1 



|det(e(C))p 



d{cr+^ 



n,q—l 



HCMO) 

u{z) 



k{z, u{z)) 



[eiiC)]c 



|det(e(C))|2- 
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Denote by 5„ the set of all permutations of {1, ... , n}: Kn^q^i is then a sum 
for A: = 0, . . . , n — g and u, fj.,X £ Sn of 



r(C) 



N+k 



{s{C,z),C-z) 



Hi) 



i=l 



i=q+l 



i=2 



where 

q Qgl n-k Qg n QQl 

1=2 A(i) i=g+l ^^ix{i) i=n-k+l 

From Corollary 14.71 we get 



KyuxiClZ) 



< 



^ nr=i ^ac, d(c)) nt2 ^(c, > ^(O) nr=a+i <m (c, ^o) ■ 



9+1 



By Proposition 



r{0 



r(C)+5(C,^) 



< 1 and by Lemma [13] | (s(C, 2;)C - z) | ^ > 



Thus, keeping in mind that d{C,) ~ d{z), with Lemmas 15.11 and 15.21 we get 



d{zY 



+1 



Kn,q~l{C,z) 



U[Z 



k{z, u{z)) 



eiiO 



n — q 

k=0 X,tl,V&Sn 



1 d(C)^^o/(P,(o(C)) 1 



fc(C,4C)) 

|dete(C)P 



-1 



2n-2k 



< 



2n-l ■ 



Let a > sufficiently small, which will be chosen in moment. For i 

\z' I 

1,... ,n we have (C, c?(C)) E"=i r'ildlo) ~ l^il '^(0 ~ '^i(C,c?(C)) so 



n.g— 1 



u{z) 



k{z, u{z)) 



eiiO 



|dete(C)|' 



1 



/ |l+2(ri-l)Q 



j=2 l^il 



,/|2{l-a) , 



r/(C,d(C))2" 



Now, if 2{n — l)a + 1 < 2, integrating for z G 'Pfcd(c)(C) we get 



n,q—l 



iC,z) 



u{z) 



k{z, u{z)) 
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|dete(C)| 



2 '-^ 



< 1 



and so 



lC{l,...,n} 
card/— q 



/(C) 



Now we consider /2(C)- We cover the integration domain with the polyannuh 
"P^j ^j^^^ (C) , j = 0, 1, . . . and we consider for e > 



(C) 



d(cf/(C)Aif„,,_i(C,^) 



n(z) 



We proceed then in the same way as we did for /i. 



N+k 



< ( j and from Corollary 14.51 we 



By Proposition 1131 riO+SiCz) 
get that |(s(C,^),C - z)\>e^. From Corollary O we deduced that 



e 



4:{n-k) 



Therefore Lemmas 15.11 and 15.21 put together yield to 



2k 



d{z) 



n~q 



Kn,q-l{C,z) 



u{z) 



k{z, u{z)) 



< 



E E 

fc=0 X,fl,u£Sn 



^(0^+^ nti<«(c,e) d{z)^- 



|dete(C)|' 



'i=2 



e 



4(n-fc) 



N~k 



(4) 



d{zye-^ 

VolVeiCY 



Now 



1 



i=2 



"lA{i) 



X^iLn-g+2 — ^^"^ since z belongs to 'Pe(C)) we have 



d{z) < e and so 
d{z)' 



d(z) 



+1 



-f^n,g-l(C,2:) 



"Hi) 



u{z) 



Therefore 



e7(C) 



/c(z, u{z)) 

< dizye-^ 



|dete(C)|' 

N—n—q+l—'j 



Vol VeiC) 



and so when we integrate with respect to z € V^\c,): 



hAC) 



d{0 



/C{l,...,n} 
card/— g 



/(C) 



eiiC) 
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Provided is large enough we conclude that 



(C) 

j=0 



+00 
j=0 



1 



2^kd{C) 



N—n—q+l—'y 



/C{1 n} 

card/— g 



/(C) 



/C{l,...,n} 

card/— g 

e7(C) 



/(C) 



_fc(C,e7(C))_ 

and finaly that Theorem 12.81 holds for a = 0, which proves the estimates. 
We will use the same kind of method for the W^^-estimates as for the W^- 
estimates and we keep the same notation. We have to show that for every 
zq G bD and every sufficiently small Eq > 



(5) / d{zfTf{z) dV{z)<a{Ve,{zo)nbD) d{Y+'f{.) 

where as before f3 = q-l + X;r=n-g+2 ;^ + 7, 7 e] - 1, To]- 
Since 5 is a pseudodistance, there exists -ftr > so large that (5(C, zq) ~ 5{C,, z) 
for all C ^ VKeoi^o) ^iid all z G ^^^(zo), K not depending on zq, (, z nor on 
eo. We set for j = 1,2 



MO 



d{z) 



u{z) 



k[z, u{z)^ 



dViz) 



where Qi = Vkd{0 (C) n P^o (^0) n D and ^2 = {Veo (^o) n D \ Vm{0 (0) • We 

estimate both integrals. 

From the VF'^-estimates we have for i = 1,2 



I<l{l,...,n) 
card/— q 



/(C) 



e7(C) 



A;(C,e7(C)) 



and therefore, since (T{VKeo{zo) H 6L>) ?^ (7('Pe„(zo) H 61?) we obtain that 



/ / . d{z) 



u{z) 



< 



/C{l,...,n} •^CG'PifeoC^o) 

card/— q 



^(z, u{z)) 

/(C) 



(iF(z)dy(C) 
^(C) 



fc(C,e7(C)) 



dvio 



< 



a{rKe,izo)nbD) d{-f+'f{-) 
a{Ve,{zo)nbD) d{-f+^f{ 



22 



Now let us consider the case where (eDD vf\zo), e > Keq. 

We have 6{C,z) ~ 6{C,zo) ~ e so from Corollary 14.51 Proposition 14.41 and 



Remark [T] we have 



< m and \{~s{C,z),C-z)\>e\ As in the 



case of the TV -estimates we get 



diz) 



fiC)AKn,g-iiC,z) 



u{z) 



/C{l,...,n} 

card/— g 



/(C) 



k{z, u{z)) 



^/dizl^^'- 



i — Ti — 5 + 2 



\diC)J 



d{0 



d{zpe-^ 

VolVeiCY 



Since C, belongs to "^£(2:0) Proposition [23] gives that Vol Ve^Q) ~ Vol Ve{zo). 
Morevover e > Keq > d{z) because z belongs to Veoizo), so provided is 
large enough 

u{z) 



diz) 



f{C)AKn,q-l{C,z) 



/C{l,...,n} 
card/ — q 



/(C) 



k{z, u{z)) 



d{zye- 



We integrate with respect to z and get 



MO 



Vol{Vs{zo)) 



/C{l,...,n} 
card/ — q 



/(C) 



yo/(Pe(^0)) 

e7(C) 



so 



/ J2(C)'i^(C) < ^(^.0(^0) n hD) 

Now since 7 > — 1: 



+00 



/ ^2(c)^nc)<E 



J2{C)dV{0 
<a{V,,{zo)nbD) d{-f+^f{ 



2-J K£Q 



Let us notice that if A; is small enough Qi = VkdioiO^^^^'Peoizo) = for all 
C ^ VKeoizo)- Indeed, for z G ili we have d{z) ^ d{C,) and 5{C,,z) < kd{() 
because z belongs to Vkd(c_){Q) find d{z) < because z also belongs to 
V£q{zq) so ksQ > 5{C,z). Morevover 5{(,z) 5{(,zo) > Keq for all C e 
Veg^zo) so keo > Keq and it is impossible if k is small enough. Therefore 
Ji(C) = for all C ^ VKeoizo) and we thus have proved that ([5|) holds true. 
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Therefore Theorem 13.51 holds for a = and a = 1 so, by interpolation it 
holds for all a € [Oj 1] which finishes the proof of Theorem 13. 51 

6. The limit case 

We are now ready to prove Theorem 12.101 At first we consider the BMO- 
case and the L^-case. Again we just have to consider the case of smooth 
forms. Let / G C^^^D). We set u{z) = Jj^ f{() AKn^iC, z) and show that u 
is continuous up to the boundary by proving that for every z € bD, K{-, z) 
is uniformly integrable (see |32|). 

For z € bD we have z) = s{C, z). From Proposition 14.61 we easily obtain: 

Proposition 6.1. For all Q ^ D near bD, all e > and all z G 7'£(C) H bD 
we have uniformly with respect to C,, z and £ 

^4 



as' 



ds'. 

K 



ds'. 

ds'. 
dCidzC 



\s'j{C,,z)\ 
ds'. 



dz'^dz'J^' ^ 
ds'. 

dQdzC 



< 



< 



r;(C,e)Tj(C,eK(C,^)' 

^4 



< 



r/(C,e)Tj(C,eK(C,^)' 



And so for all e > kd{() and all z G bD fi Vs (C) we have as in the case 
of PF'^-estimates 

n , X AT+fc ^4(n-fc) / ^ ^ 2fc 



ii^n,o(c,.)i<i:EY^) 



i=\ k=0 



< 



£ m 



E ™ 



Vol{Ve{0) Vol{Ve{z)y 

Therefore Jof-fp^^^-^ \Knfl(C,-,z)\dV{C,) = 0{e^) and equation (24) of [T3] is 
satisfied. We conclude as in [13] and [20j that Knfi{-^z) is uniformly inte- 
grable and that u is continuous up to bD. 
Now to prove the estimates we aim to show that 

^(0 



&bD 



\f{C)AKn,o{C,z)\da{z)<Y, 



/(C) 



We have 



\f{c)AK„fi{c,z)\<Yl 



/(C) 



|dete(C)|' 
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From Propositions 14.4 1 14. 8t [UTH Corollary 14.51 and Lemma 15.21 we get for all 

z£V^^\C)nbD 



(6) 



< 



|dete(C)|' ~ Vol{VeiC)) V ^ 



diC) 



N-n 



We therefore have 



„ n +00 „ 

/ \f{0/\Kn,o{C,z)\da{z)<Y,Y. ho 



|/(C)AE:„,o(C,^)|d^(^) 



n +00 

SEE 

i=i j=0 

n 



1 

¥k 



N-n 



/(C) 



/(C) 



^(0 

A:(C,e7(C) 



and now integrating with respect to C, we get J^j^\u{z)\da{z) 

which proves the -estimates. 

Now for the BMO estimates we set for j = 1,2 



< 



|/(C) A (ir„,o(C, z) - i^n,o(C, w))\dV{Oda{z)da(w) 

where Cli = D n VKeo{zo), CI2 = D \ VKeoizo), K as for the VF^-estimates 
is such that 5{C,,zq) ~ 5{C,,z) for all z € 'Peo(zo) and all C, ^ VKeoizo). To 
prove the BMO-estimates, it suffices to prove that, up to a multiplicative 
constant not depending on zq nor on Eq, Ii and I2 are less or equal than 
(^{Veoizo) n 6-0)^11 /II vi/gi J- We first consider h. 

It suffices to show that Ii = J^^z-p^^^^^-jnbD hi l/(C) ^ ^nfiiC, z)\ dV{C)da{z) 
is controlled by a{Veo{zo) PI 6£')||/||y(/^i^. From equation ^ of the case 
we get that for all C G 'Pkeq^zq) 



zeV,f^{zo)nbD 
/(C) 



< 



E 



/(C) 



|/(C)AK,,o(C,^)|dnC)^^^(^) 



i=0 



(2*A;)"-^2*fcd(C) 



^e^^^Uo^)""^ ^o^(^2.MC)(C)) 



da{z) 



thus Ji < a(7^i,,o(zo) n bD)\\f\\^i^^ 7z aiVeoizo) n bD)\\f\yo^^. 

It is a little more difficult to handle l2- We will evaluate I2 in the way as 
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we did for J2 in the VF^-estimates. We fix e > Keq and set for (^,z G D 

k=0 



s A {d(;Q)^ A {di;sy 



l + S{C,z)J {s{C,z)X- z)"-'' 

We have i^„,o(C; z) = KnfiiC, z) for all z € and for w, z £ bD, z ^ w: 

1 dkr, 



9f 



(C, w + t(2 — w)) \z — w\dt 



where v = r—^- 

\z—'w\ 

For C, G vf\zQ)^ z,w € ^^^(zo) and t € [0, 1] we have 6{C,'W + t{z — w)) 



6{C,zq) ~ e. Proposition 14.41 therefore holds and gives \{s{C,w + t{z — 
w)) , w + t{z — w)) \ ^ and \r{C) + S{C,w + t{z — w)) \ ^ e. Combining these 
inequalities with those of Propositions 14.6 1 and 13.21 we get as previously that 
for all ZjW € V£g{zo) and t S [0, 1]: 

(7) 



n,0 



dv 



(^t:,yj + t{z-w))[f,{C)]k{C,e,{0) 



\z — w 



< 



N-n^l+n~N 



\Z — W\ 



Vol VeiO TiC,v,e)' 



On the one hand ( belongs to Vs^zq) so t{C,, v, e) t{zq,v, e). On the other 
hand z,w belong to Vsf^^zo) so — w| < r(zo,'V,eo) and since Eq < e we 

have <if)^- Moreover, Vol{VsiC)) ^ Vol{Ve{zo)) and d{C) < e 

because Q belongs to vf\zQ). Inequality ([7]) then becomes 



(8) 



dv 



.(^,^ + t(^_^))[e.(C)]A:(C,e,-(C)) 



Vol Veizo) 



and integrating with respect to z and w: 



z,w£Vef) {zo)nbD 



Integrating for C, ^V, 



< 



(7 



a{Ve{zo)r\hD) 



a{Ve,izo)nbDy. 



^\^^^{zo) and summing from i = to infinity we get 

2 



j=li=0 



(0) 



2-^a{V,,{zo)nbD) 

(zo) 0"(^2»i^eo(^o) nftD) 



/(C) 



MO 



dv{c) 



<a{Ve,{zo)nbDf\\f\\^.^. 

This ends the proof of the BMO-estimates. Therefore the limit case is proved 
for and BMO classes. By interpolation between and BMO we can 
conclude that it holds true for all classes with p G [1, +00 [. However we 
were unable to locate in the litterature a proper reference for interpolation 
results between and BMO spaces over convex domains of finite type 
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and the homogeneous space structure we use on these domains. Hence for 
completeness' sake we briefly indicate how to conclude without interpolation 
results between these spaces. We set for j £ {1, . . . , n}, Cj^ ^ bD and t > 

|det(e(C)| 

where XViiOf^bD is the characteristic function of VtiC) bD. We also define 
for ^ G bD the following maximal functions: 



M/(0:= sup / f{z)KtiC,z)da{z), 
M°/(0:= sup / f{z)K?iC,z)daiz). 



M^f is the Hardy-Littlewood maximal function associated to the homoge- 
neous space structure of bD. From inequality (0), which is the analog of 
Hypothesis (H2) of one can easily show that Mf{£) < M^f{^) uni- 
formaly with respect to ^ and / (see Remark 1, Section 4 of [B]). Thus 
since satisfies Hypothesis (HI) of [6], also satisfies Hypothesis (HI). 
Theorems 2 and 3 from [6] imply that for all / € Wqi{D), all j = 1, . . . , n 

/^^,^ |i^„,o(C, z)[€,[Q)]k{CMO)\ |/(C) [fclfcl] I *° 

p = and has norm controled by Hence the limit case holds 

true for all p +oo\ which finishes the proof of theorem 12.101 
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